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INTRODUCTION
A SEQUENCE of observations yy, ¥s, ... ¥, can be consxdered to be
random in the characters 4, B, C, ... K provided every one of the

»’s take these characters with probabilities py; py-... pp respectively
subject to the condition Zp" = 1. Now defining a system of scoring
for the differences, P. V. K. Iyer and Singh® have discussed a number
of distributions and their moments for such a sequence by consider-
ing the relationship between. consecutive observations y, and y,4,
alternate observations y, and y,;, and observations like y, and )i,
‘r and s taking values from 1 ton—s.. The moments of some of these
distributions were obtained by using the result® that the r-th factorial
moment is r! times the expectation for r of the characters considered
in the distribution. The purpose of this paper is to obtain the first
and second moments of the distributions of A4, AB and AB and BA
joins together (i.e., total number of runs of 4’s and B’s minus one)
for a two-state (4, B) Markoff chain, by considering consecutive observa-
tions. For the sake of convenience the -expected number of 4’s and
its variance in a Markoff chain has been given.in the second section.
It may be mentioned that David,* Bateman,? Bartlett,® Patankar” and
Whittle? have obtained the moments for the distribution of the number
of transition numbers for a Markoff chain having the matrix (p;) for
large n. We shall be concerned in this paper at present with.the deri-
vation of the exact expressions for the first two moments of the three
distributions mentioned above for a sequence of n observations. A
more detailed investigation on the exact distributions and cumulants
for the general case of consecutive and alternate observations.is.in
progress and will be published shortly, oo

2. EXPECTED NUMBER .OF A’s _AND. ITs VARIANCE

This can be obtained by evaluating the probablhty Pr(4) that
the r-th observation is 4. Now a two- state Markoff chain is defined
by the following quantities: -
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(i) conditional probability that the r-th observation is A or. B
given (r—1)-th observation, is defined by the Matrix

41 P2)
51 qz _
where
Pr(A/r_l’ A)=p1a Q,(B/r—l, A)=q1
Pr(A/r_ 19 B)=P2’ Qr(B/r—':!s B)=q2
(i) the probability that the initial observation is A or B is P and
O respectively.
Let P, and Q, be the probabilities that the r-th observation is
A and B respectively. It can easily be seen that
- P, =pP,, + P2Qr—1} ) :
Qr = qlPr—l + q2Qr—1 )
. The solution of the above difference equations is given by
P, = A\ + A\ )
where A; and A, are the roots of the quadratic
A—p  —p
=(A—1)QA—-8=0
— 4 A—gq, ( ) ( )
where
S=pi—ps (P> po).
Usin_g. the initial conditions P, = P and P, = Pp, + QOp,, we get
_ P r—1
' _ 4 5-1 wh — qu - sz
Q’_l—S B wereﬁ_——l—_s—_.
The expected number of A’s in a sequence of »n observations is
equal to:
NV, oy al—
EW)= ) Po=1P 815 -
. 1
~ P2
1—296° ‘
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The second factorial moment is 2 times the expectatlon for two
A’s. Now two A’s can be formed from: :

(i) two consecutive observations,
ii) two A’s separated by, 1, 2, 3, ... n—2 observations.
P

Probability for consecutive A’s is P,p,. Probability for.r-th and (r+s)-th
. observations to be 4 and 4 is , '

PrPr+s (A/rA)
where
Pr+3 (A/rA)

is the conditional probability of (r + s)-th observation to be A4, when
the r-th observation is also 4. It can be easily seen that

(r4s)—r
P (Ajrd) = LEDETT

Thus the expectation for two A’s is

#' (W)
20 -

SRt (= RRAA e BN e
s fe-n-a A
+ 8 {0y —m=pe}].
Therefore variance |

VIW) = 2p'ty — 'y + 1
_ NPy 1+ 8).+ 2p;4,9 ("= 1)

(1—9)8 a-—2s
- 2p2B __sn 2 1— 8"
a— o Q-+ g. =B (31—
2¢,88 " 2n8"B (q; — p2)
ta—p T T T a—
. hpegi (1 4 9)
(1—29%

which agrees with that of Bernstein® quoted by Uspensky.®
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The Asymptotic ‘values for E (W) and: V(W) have also been glven in
a different form by Patankar.”’ T 5 .

3. EXPECTATION AND VARIANCE FOR TWO' CoNSECUnv'E A’s

Using the results of Sectlon 2, we note that the probablllty for
the r-th and (r+-1)-th observation to be 4 is P,p1 and there‘fore the
expectation of the number of AA’s is ‘

HD=mE&

@ =Dp g 1=
=p{ r—s T F 1e.8}_

e 1) D1y . B} :
1 - 8 ) - ..44
Two AA’s can be obtained in thefollowing ways: -
(1) from three consecutive obsérvations.like r, r+1 cand r4-2,
the probability for which is P,p,%

(2) from four consecutive observations like r, r+1 r+2, r+3,
the probability for which is P.p,®

(3) from two sets of two consecutlve observatlon and (r, r+1)
and (r+s, r+s+1), s> 2. The probability for this is
P,psPis (Alr+1, 4) py Addlng the above probabilities, we

get
" (X) oy ((n—2)pp = R
wm ) ot (P B }
+szw;a@_bh
1—-8L 20=9. - .-
—3 11— &3
+ ﬁ { 8 — (1 i _8)2}} B
- P f] pg yf.l: s, 1 — &8
- 13)2[1 {(”~—~-_ =8 s }
A &
S {L—s w=ye],
Therefore ' R

2p.2p, | —2
Y@= M;—(n_l)#%iﬁ)””
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1— 1 — g2
X Ty SE N

_ppi® 2psps*B
X 0o )2( 3n +- S)—i—(1 oL
x{@—3—s- 1_1‘-_3—813 —(n— 1) (1 — )

1— 3"—1 ~i?,p 2q,8 Wy
2 141 N
B P1 ( (1= 8)? :

P2 (g ay_ 5. 188
X[I—S{(n H—34 1_8—.}

v

— (n— ’."») 8”—3}] ‘

': ”P1P2 o 3P1P2 2p.q,8 }

The asymptotic values of .E (X) and V (X) have been glven by Bartlett1
and are the same as- given above.

4, EXPECTATION AND "VARIANCE OF THE NUMBER OF AB s FOR Two

s

CONSECUTIVE OBSERVATIONS

g

The probability that two con_secutive -observations r and r41

will be 4 and, Bis P,ql. -.Hence the exp,ectation of the number of AB’s

n—1 _ g
E(Y)—qIZP {(" 1)”2+ﬁ1 2

r=1

= lmql_ -

1—38

| “Two AB joins can be obtained:

. ..() from four consecutlve observations like r, r+1 r+2 and

r4-3, the probablhty for which is P,q;paq:, i Pip? pa,

(i) from two.pairs of consecutive observatlons like (1 r—}—l) and

(r+s, r+s+_1) -s>2. BRI
Probability for the above is -
PgiPrys (4]r-+ 1, B) gy,



28 JOURNAL OF THE INDJAN SOCIETY OF AGRICULTURAL STATISTICS

ie.,
PrPr+s (A/r + 1’ B) 4112
where

P (4/r+1,B) = P2 {1 3<r+s)—(r1-1)}

usihg these results it can be shown that
Iy M 2] (Y) qul [(n —2)(n—3)p,

T2t T 1% =)
. p23 1 — &3
s SRR =

g (1 —o&-® "
_T:Td{l,— — -y
n—3 81— &2
Xﬁ{l—sf 1= o) }J
Therefore
V(Y): P22412 [(___ 3” +5)__28_
(1 —9)? (1—9)*

x{n—3)—(n—2)8+ 3"—2}]

2P2Q1 ;3 "_; " _

— Bg,2 (11—_8"8—1)2 ‘o {(n 1) pe 'y 1_3;—1}

NPy {1" 3¢10s 28q1p2}

T1=% 1T—8 (1= 39)

T—6 (1— o)

The asymptotic values for this distribution also have been given
by Bartlett! and reduce to the expression given above.

5. EXPECTATION AND VARIANCE FOR THE NUMBER OF AB AND BA
Joins FROM CONSECUTIVE OBSERVATION

The expectation is equal to the sum of expectations for AB and BA
joins. 'This can readily seen to be: '

1 — g

E@ =20l 4 g py

2(”— 1) poty
1—-86 -~
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Simultaneous occurrence of 4B and BA joins is possible:

(i) from three consecutive observations f, r4-1, r2, like ABA
and BAB, the probabilities for which are P.q,p, and O.p.q;;

(ii) from four consecutive observations r, r4-1, r4-2, r+3 like
ABAB, ABBA, BAAB and BABA, the probabilities for wheih
are,

P.gipsqs, PigiqePes Q.P2p1qy and Q,pagyp, respectively ;

-(iii) from two pairs of consecutive observations like (r, r--1) and
(r-+s, r+s+1), s > 2 for all types of joins like ABAB, ABBA,
BAAB and BABA.

The probabilities for all these cases are
P.g\Pris (Afr + 1, B) q,,
P.q10,+, (B/r + 1, B) p,
QPP (Alr + 1, 4) 41
and

Qrp2Q1+s (B/I‘ + 1, A) P2

rcspectlvely where

Da (r+8)— (r+1)}

Qirs (Blr + 1, B)= {‘?1

(1—9)
Ors (Blr + 1, )= @{1__?18_%1)}

Addlng theses we get

I"[21 (Z) = (n 2)p2q1+(_1£2‘q_81)2_2 [(n_—3) (n—,—2) '—.- T—i—~6
_ _ .:1—"8”:? " 2p; ( —
><{<n R N et
<[ 1"_3"‘ — (0 — 3 &2
n—3 8(l— 89 @ipz (P2®.+ ¢, 8
{1—3 1—3)2 }]+ (1= 95)e
-3 ’
[ -]
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Therefore .- ; '

8

V@)= 20— gt (= 30+ 9 — o

(1 —9)?
+{n =3~ (-3 + an—z}]

4p241 (ql —p2) B [(n— 1) (" —

b #9) 42 (1—5]

i (,,22(..?_: SPI n—3) — (1 —2) 5 5]

1 — &m-1\2
— B (q f‘l’z)z : (1—_

B (g1 —p2) (1 — 8D
LA R

i n—1

~ 3oy {1 _ 3%pe _ 25q,p, }
T1-78 1—5 (1T—94°

This is equal to four times the variance of A4B.

6. COVARIANCE BETWEEN X (44) and Y'(AB)
The simultaneous occurrence of 44 and 4B joins is possible:

(i) from three consecutive observations ¥, r—}—'l, r+2 like A4B,
the probability for which is P,pgy,

(i) from four consecutive observations r, r+1, r+'2.'," ~i‘—l—3 like
AAAB, the probability being P,p,%q,,

(iii) from two pairs of consecutive obselvatlons and @, r+ 1) and
(r4s, rd-s1), s> 2.

The probability of this is
- Prplpr-i-z (Ay]r'}' 1: A) qi.
Hence ﬁ%om above

n— 1 — o2
"'XY ——qu1 {pzf S ) + B 1—29 } -

C L2 [—3)(n—2)p
+1—-81[ 2a=8
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t‘*i?’iif—“é'ff—‘aé?f}] S
| e

25 fo-- 0

{—— e L[

[ZN A N

1herefore covariance.

-

= u’xé —#'xﬂ'v S
1 . 811—1 2 ‘
2 3n+ 5)~ Bplql T35 )t -

2 1-——5”2
+p11{(n1 )pz—I"B 1_8}

onitif S )
e {( ~3) - — (=) (-5}

.’.:i”m‘ . 811—3'-8 i
+P2P1Q(11(€I1 )pz)S {(n_ 3? @ - 3) }

+ P14 (ql _Pz) 3 /3 {1 — "3 _ (l’l . 3) 3n—3}

(1 — o) 1—s

s, {1 + (@—p) 8 3ps }
1= =8  1-38

This agrees with that of Bartlett.!

SUMMARY

This paper gives the first two exact moments for the distribution |
of the number of A4, AB and AB and BA joins for a two-state Markoff
chain. The covariance for the number of A4 and AB joins has also
been given. . The asymptotic values given by Bartlett and others for |
the transition numbers which correspond to 44 and 4B joins are the
same as given in this paper. 1
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